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Common eigenfunctions of commuting 
differential operators of rank 2 

V. Oganesyan 

Introduction 

Let us consider two differential operators 

n m 

Ln = '^Ui{x)dl., Lm = '^Vi{x)dl. 
i=0 i=0 

If Ln and commute, then there is a nonzero polynomial R{z, w) such that 
R{Ln,Lm) = 0 (see pQ). The curve T dehned by R{z,w) = 0 is called the 
spectral curve. If 


Lni> = zi;, = w'lp, 

then [z, w) G T. For almost all {z, w) eT the dimension of the space of com¬ 
mon eigenfunctions 'ijj is the same. The dimension of the space of common 
eigenfunctions of two commuting differential operators is called the rank. 
The rank is a common divisor of m and n. 

If the rank equals 1, then there are explicit formulas for coefficients of com¬ 
mutative operators in terms of Riemann theta-functions (see H). 

The case when rank is greater than one is much more difficult. The hrst ex¬ 
amples of commuting ordinary scalar differential operators of the nontrivial 
ranks 2 and 3 and the nontrivial genus g=l were constructed by Dixmier |8] 
for the nonsingular elliptic spectral curve = z^ — a, where a is arbitrary 
nonzero constant: 

L = {dl + x^ + + 2x, 

M = {dl + x^ + a)^ + 3xdl + + ‘ix{x^ + a), 

where L and M is the commuting pair of the Dixmier operators of rank 2, 
genus 1. There is an example 

L = (d^ cr)^ -|- 2dx, 

M = (d^ -f- -k -f- -f- 3(x^ -|- oi)dx T 3x, 

where L and M is the commuting pair of the Dixmier operators of rank 3, 
genus 1. 
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The general classification of commuting ordinary differential operators of 
rank greater than 1 was obtained by Krichever [3]. The general form of 
commuting operators of rank 2 for an arbitrary elliptic spectral curve was 
found by Krichever and Novikov |1]. The general form of operators of rank 
3 for an arbitrary elliptic spectral curve was found by Mokhov [3], [g. 
Mironov in [7] constructed examples of operators 

L = + A2x‘^ + Aix + AqP + gp + pA^x^ 

+ a2gL^^ + ... + ciiL + oq , 

where a* are some constants and Ai, A^ p 0, are arbitrary constants. Oper¬ 
ators L and M are commuting operators of rank 2, genus g. 

Examples of commuting ordinary differential operators of arbitrary genus 
and arbitrary rank with polynomial coefficients were constructed in m by 
Mokhov. 

It is proved in [ 12 ] that the operators 

L = {dl + Ax^ + BxP^ -I- I6g{g + l)Ax^, 

M‘^ = -\- a2gL‘^^ + ... + cbiL -\- oq , 

where A, B are arbitrary constants, A 7 ^ 0, a* are some constants, are com¬ 
muting operators of rank 2 . 

In this paper we find common eigenfunctions of L and M. Until now com¬ 
mon eigenfunctions of commuting differential operators with polynomial co¬ 
efficient were not found explicitly. 

The author is grateful to O.I.Mokhov for valuable discussions. 

Commuting operators of rank 2 

Consider the operator 


L = {dl + V{x)f + W{x). 

We know that m) the operator commutes with an operator M of order 45f-|-2 
with hyperlyptic spectral curve of genus g and hence is operator of rank 2, 
if and only if there is a polynomial 

Q = + ai{x)z^~^ + a2{x)z^~‘^ + ... ag-i{x)z + ag{x) 
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that the following relation is satished 

+ WQ'” + WQ” + 2g'(2z - 2iy + V”) - 2QW' = 0, 

where Q' means dxQ- The spectral curve has the form 

Aw^ = 4(z - W)Q^ - 4V(Q'f + (Q")' - 2Q'Q"' + 2Q{2V'Q' + AVQ” + 

Common eigenfunctions of L and M satisfy the second order differential 
equation [7j 


<(a;, P) - xi{x, P) - P)tl){x, P) = 0, 


where Xo and Xi have the form 


91 . = _911 

Q ’ 2 Q 


w 

Q 


-V. 


Common eigenfunctions of commuting differential operators of 

rank 2 


Let me recall some dehnitions. 

Bessel functions Ja are solutions of the Bessel equation 

x^y” + xy' + (x^ — a^)y = 0 . 

If a is not integer, then Ja, J-a satisfy Bessel equation, where 


Ja{x) = 


rv 9 4 

oc^ oc^ 


-( 1 - 


+ 


2“r(a + l)' 22l!(a + l) 242!(a + 2) 


-...) 


If a is integer, then J^, J_„ are not independent solutions. Note that (see 

H) 


J’.. = "XPP _ 


X 


Functions 


Ya{x) = 


Ja{x)cOs{a7l) — J-a{x) 


stn[a7r) 

are called Bessel functions of the second kind. 

Solutions H{a, A, /3, 7 , S, 7 ; x) of the following equation 

„ 7 (5 a + / 3 - 7-5 + l , afAx-q 

y (x) + (- +- 7 +- jy (x) + ^- 777 - ry{x) = 0 . 


'x X — 1 


X — a 


x(x — l)(x — a)' 
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are called Heun functions. This equation has four regular singular points 
0,1, a, oo. Confluent Heun equation is obtained from the Heun equation 
through a confluence process (see ini). that is, a process where two singu¬ 
larities coalesce. Denote by CH{a, (3,'y,6,ri;x) the solution of the confluent 
Heun equation 


y'\x) + ( 


/3 -f 7 - a + 2 


+ 


xa 


/? + 1 


+ ( 


X — 1 ' X — 1 x{x — 1) 

a(/3 + '^ + 2) + 25 a{P + 1) - /3('y + 1) - 2 t] 


)y\x)+ 

- 7 ) 


2{x - 1) 


2x{x — 1) 


)y{x) = 0 


where 

1/(0) = 1, l/'(0) 

There is formula for Bessel functions 


/3(7-q:+ 1)+7—a+2?7 
2(/3+1) 

na 


Ja ( 2 ^) 


x‘^{2ix -|- l)Ci7(l, 2a, 1, 0, —2ix) 

r(a -h l)2“e“ 


We know from na that 

L = {d‘l + Ax^ -I- Bx^Y + l&g{g + l)Ax‘^ 


commutes with a differential operator M of order Ag -|- 2. Let us assume that 
H = 0. If 5 ^ = 1, then spectral curve of commuting pair L and M is equal to 

= ^(19271 + ^ 2 ) 


and differential equation for common eigenfunctions has the form 


„ 647la;^ , .w — 967la;2 ^ 

^ A A , -^ “ Ya A^A - AxA'ip = 0. 


( 1 ) 


+ z IQAx"^ -|- 2 ; 

Let us suppose that w = 0. So, z = 0, ±V—192H. If 2 ; = 0, then solutions of 
(1) are 


5 , ,x^\/A 


5, , ,x‘^\/A 


x2ji(—-—), a;2yi(—-—). 


If z = ±\/—192H, then solutions of (1) 


are 


z I 15 167la;^ 




Ax^ / 1 


xe 4 


z I 1 1 ^ 5 16Ax^ 

32V“A’4’“^’°’4’ 
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If 5 ' = 2, then spectral curve of commuting operators L and M is equal to 

= z{20160A + z^)(20736A + z^). 


If 2 : = 0, then equation for common eigenfunctions has the form 
{AAx^ + 35)^/J" - 32Ax'^ij' + (U7Ax^ + AA^x^^)^; = 0. 


Equation (2) has solutions 


CH{0,-^,-2, 

xCH{0,^,-2, 


35 387 
35 387 


AAx^ 

AAx^, 

35 


( 2 ) 


References 

[ 1 ] Burchnall J.-L., Chaundy T.W. Commutative ordinary differential op¬ 
erators. Proc. London Math. Soc. 21 (1923), 420-440; Proc. Royal Soc. 
London (A) 118 (1928), 557-583. 

[2] I.M. Krichever, Integration of nonlinear equations by the methods of 
algebraic geometry, Func- tional Anal. Apph, 11: 1 (1977), 12-26. 

[3] I.M. Krichever. Commutative rings of ordinary linear differential op¬ 
erators.Funktsional. Anal, i Prilozhen.,12:3 (1978), 20-31 (in Rus¬ 
sian) ;English translation inFunctional Anal. Apph,12:3 (1978), 175-185. 

[4] I.M. Krichever, S.P. Novikov. Holomorphic bundles and nonlinear equa¬ 
tions. Finite-zone solutions of rank 2.Dokl. Akad. Nauk SSSR,247:1 
(1979), 33-36(in Russian);English translation in Soviet Math. Dokh. 

[5] 0.1. Mokhov. Commuting ordinary differential operators of rank 3 cor¬ 
responding to an elliptic curve. Uspekhi Matem. Nauk,37:4 (1982), 
169-170 (in Russian); English translation in Russian Math. Surveys,37:4 
(1982), 129-130. 

[6] 0.1. Mokhov. Commuting differential operators of rank 3, and non¬ 
linear differential equations.Izvestiya AN SSSR, ser. matem.,53:6 
(1989), 1291-1315 (in Russian); English translation in Math. USSR, 
Izvestiya,35:3 (1990), 629-655. 


5 



[7] A.E. Mironov. Self-adjoint commuting differential operators and commu¬ 
tative subalgebras of the Weyl algebra. Invent, math. (2014) 197:417-431 

[8] J. Dixmier,Bull. Soc. Math. France,96(1968), 209-24 

[9] A.E.Mironov. Periodic and rapid decay rank two self-adjoint commuting 
differential operators arXiv: 1302.5735 

[10] O. I. Mokhov. On Commutative Subalgebras of the Weyl Algebra Re¬ 
lated to Commuting Operators of Arbitrary Rank and Genus”, Mat. 
Zametki, 94:2 (2013), 314-316 (in Russian); English translation in Math¬ 
ematical Notes, vol. 94:2 (2013), 298-300 

[11] O.I.Mokhov. Commuting ordinary differential operators of arbitrary 
genus and arbitrary rank with polynomial coefficients. American Math¬ 
ematical Society Translations, Volume 234 (2014), 323-336. 

[12] V.S.Oganesyan. Commuting differential operators of rank 2 with poly¬ 
nomial coefficients. arXiv: 1409.4058 

[13] E.L.Ince. Ordinary differential equations, Dover, New York, 1956. 

[14] S. Y. Slavyanov, W. Lay. Special Functions: A Unihed Theory Based 
on Singularities. 

Department of Geometry and Topology, Faculty of Mechanics and Mathe¬ 
matics, Lomonosov Moscow State University, Moscow, 119991 Russia. 

E-mail address: vardan.o@mail.ru 


6 



